Abstract. We show that every finitely generated group admits weak analogues of an invariant expectation, whose existence characterizes exact groups. This fact has a number of applications. We show that Hopf G-modules are relatively injective, which implies that bounded cohomology groups with coefficients in all Hopf G-modules vanish in all positive degrees. We also prove a general fixed point theorem for actions of finitely generated groups on ℓ ∞ -type spaces. Finally, we define the notion of weak exactness for certain Banach algebras.
The invariant expectation was the main tool used in the vanishing theorem for bounded cohomology in [5] . It also gives a convenient way to weaken or strengthen exactness by enlarging or reducing the space on which such an expectation is defined. This led us to consider a condition which we initially called weak exactness and which was expressed in terms of the existence of a weaker notion of an invariant expectation, defined on a space smaller than the one needed for exactness. As it turns out, this condition is rather mild.
Theorem 1. A weak invariant expectation (with coefficients in any dual module) exists on every finitely generated group.
Despite such generality weak invariant expectations turn out to be very useful. We present here three applications.
First we apply the weak invariant expectation to show that weak-* closed Hopf G-modules are relatively injective bounded Banach G-modules (Theorem 7). In particular, this implies that bounded cohomology groups with coefficients in weak-* closed Hopf G-modules vanish (Theorem 8) in all positive degrees. Hopf Gmodules are Banach subspaces of ℓ ∞ (G, X * ), where X is a bounded G-module, which are closed with respect to both the natural action of G and the multiplicative action of ℓ ∞ (G) and are additionally closed in the weak-* topology. In [5] we conjectured that vanishing of bounded cohomology with coefficients in weak-* closed Hopf G-modules characterizes exactness. The vanishing theorem established here, somewhat surprisingly, disproves this conjecture.
The second application concerns fixed points for group actions. A classic result of M. M. Day [4] is a a characterization of amenability via a fixed point property. Motivated by this fact we prove a fixed point theorem for actions of discrete groups on certain compact subsets of spaces of the ℓ ∞ (G, X) type, equipped with a weak-type topology (Theorem 11). This topology, which we call the ultra-weak topology, is induced by ℓ ∞ (G, X * ) viewed as maps into ℓ ∞ (G) equipped with its weak-* topology. This fixed point theorem can be viewed as a weak analogue of Day's theorem, which holds for all finitely generated groups.
Finally, in the last section we use the above results to define a notion of weak exactness for some Banach algebras (Definition 16). For C * -algebras the notion of exactness is well-studied, see [2] , and it would be interesting to try to extend such results to the setting of Banach algebras. One can compare this with the case of a C * -algebra A, for which amenability of A as a Banach algebra is equivalent to nuclearity.
We are grateful to the referee for suggesting many valuable improvements to the first version of this paper.
1. Modules and topologies 1.1. Actions. Let G be a finitely generated group. A bounded Banach G-module is a Banach space X with a representation of G on X, g → π g , where each π g is a bounded linear operator on X, satisfying sup g∈G π g < ∞. Then the dual, X * , is also a bounded Banach G-module with the representation π g = π * g −1 . In general we denote the action of G on X by gx. Given a bounded Banach G-module X, we consider the action of G on ℓ ∞ (G, X) defined by X) ) and g ∈ G.
1.2. Pairings. Let X be a Banach space. Denote by 1 G the identity in ℓ ∞ (G, X) and by
We then say that ξ is finitely supported if there exists a finite set F ⊆ G such that ξ g = 0 whenever g ∈ G \F. That is, as a function on G ×G, ξ is finitely supported in the first variable.
A finitely supported function
Define the action of ℓ ∞ (G) on ℓ ∞ (G, X) by multiplication:
and the action of
3. The weak-* operator topology on L(X, M). We will denote weak-* limits by w * − lim. Let X be a Banach space and M be a dual space. Consider the space L(X, M) of bounded linear maps from X to M, with its natural operator norm, which we denote by · L . Every element ξ ∈ X defines a mapξ : Limits in the weak-* operator topology on L(X, M) will be denoted W * − lim. The proof of the following lemma is analogous to the proof of the Banach-Alaoglu theorem.
Lemma 3. The unit ball of L(X, M) is compact in the weak-* operator topology.
We have the following description of the weak-* operator topology on L(X, M).
Proposition 4. Let X be a Banach space and let
The following conditions are equivalent:
In the case Y = ℓ 1 (G) and
The latter space is naturally the dual of ℓ 1 (G, X) and can be equipped with the corresponding weak-* topology. The W * -topology and the weak-* topology defined above agree on bounded subsets of L(X, ℓ ∞ (G)).
Weak invariant expectations
In [5] we proved a characterization of exactness in terms of invariant expectations; that is, operators whose properties are similar to properties of invariant means. We show that a weak version of such an operator always exists.
Theorem 1. Let G be a finitely generated group and let X be a bounded Banach G-module. Then there exists a continuous linear map
called a weak invariant expectation on G with coefficients in X * , such that
Proof. Define E by the following formula:
It is easy to check that (1) and (2) are satisfied.
To prove the last property fix a finite generating set for G.
For a subset F ⊆ G denote by 1 F the characteristic function of F and let B(n) ⊂ G denote the ball of radius n centered at the identity element. Let
The operators ξ n , · ℓ ∞ (G) induced by the ξ n are elements of the unit ball of the space
For any finitely supported η ∈ ℓ 1 (G, X) we have
Since the support of η is finite, supp η ⊆ B(n 0 ) for some n 0 . Then for all n ≥ n 0 we have
in ℓ ∞ (G, X * ), which shows that E = W * − lim ξ n , · ℓ ∞ (G) and proves the claim.
We remark that a weak invariant expectation with coefficients in X * = R equipped with a trivial G-action is a weak analogue of the invariant expectation considered in [5] . Indeed, in that case the domain of the weak invariant expectation is
, which is a subspace of the space L(ℓ u (G), ℓ ∞ (G)) of bounded linear maps from the uniform convolution algebra ℓ u (G) to ℓ ∞ (G). Vanishing of bounded cohomology with coefficients in Hopf G-modules was studied in [5] .
The notion of relative injectivity is a standard tool in the theory of Hochschild cohomology of Banach algebras and bounded cohomology of groups, see for example [6, 8, 10, 11] , since it implies the vanishing of cohomology groups in all positive degrees. The definitions we use are from [8] .
A continuous linear map f : M → N between Banach spaces is admissible if there is a linear operator T : N → M such that T ≤ 1 and f T f = f . We assume that all G-module maps between bounded Banach G-modules are continuous.
Definition 6. A bounded Banach G-module E is relatively injective if for every injective admissible G-morphism i : M → N and any G-morphism f
For a Banach G-module E the module ℓ ∞ (G, E) is relatively injective [8] . If the injection ι : E → ℓ ∞ (G, E), ι(x) = x1 G , admits a right inverse E h of norm 1 which commutes with the action of G then the module E is also relatively injective. Indeed, given the diagram
We now use the weak invariant expectation to show that Hopf G-modules satisfy the conditions of Definition 6.
Theorem 7. Every weak-* closed Hopf G-module is a relatively injective G-module.
Proof. Consider the following diagram:
where h is the natural Hopf inclusion of E into ℓ ∞ (G, X * ) for some G-module X, ℓ ∞ h is induced by applying h coordinate-wise and E is a weak invariant expecta-
In that case, the explicit formula for E yields
for every η ∈ ℓ ∞ (G, E).
By the properties of E, for every η ∈ ℓ ∞ (G, E) we have
where the ξ n are as in Theorem 1. Since η g ∈ E, ξ n is finitely supported and E is closed under the action of ℓ ∞ (G), we have that g∈G (ξ n )η g is an element of E for every β. Also, E is weak-* closed and thus the limit belongs to E. Additionally, for x ∈ E it follows from (1) that
for every x ∈ E. The fact that E h is G-equivariant follows from the properties of E and the fact that E h is a restriction of E to a G-invariant subspace. Finally, it is also easy to verify that E h = E = 1.
Theorem 7 allows one to deduce a vanishing theorem for bounded cohomology with coefficients in Hopf G-modules. 
II. A fixed point theorem for actions on ℓ ∞ (G, X).
The existence of a weak invariant expectation allows one to prove a fixed point theorem for a group acting on spaces of the type ℓ ∞ (G, X), where X is a normed space. The fixed point theorem we prove can be viewed as a weak analogue of Day's classical fixed point theorem for amenable groups [4] .
given any finite collection of positive elements a 1 , . . . , a n ∈ ℓ ∞ (G) such that a i = 1 G , we have a i x i ∈ K for any x 1 , . . . , x n ∈ K.
We equip ℓ ∞ (G, X) with a topology as follows. Every ϕ ∈ ℓ ∞ (G, X * ) induces a bounded linear operator
In particular, the inclusion i : X * → ℓ ∞ (G, X * ) as the constant functions allows one to interpret each element of X * as such an operator. Definition 10. Let V ⊆ X * be a weak-* dense subspace. The ultra-weak topology induced by V on ℓ ∞ (G, X) is the weakest topology with respect to which every operator T ϕ induced by ϕ ∈ V is continuous, when ℓ ∞ (G) is equipped with its natural weak-* topology.
We will usually omit the reference to V. One important property of the operators induced by elements of V is that they separate the points of ℓ ∞ (G, X). This property is crucial in our argument. Note also that if X = Y * is itself a dual space, then we can take V = X ⊂ X * * . In that case the ultra-weak topology on ℓ ∞ (G, Y * ) is precisely the W * -topology on ℓ ∞ (G, Y * ), in the sense of the previous sections.
An action of a group
for g ∈ G, x, y ∈ K and a, b ∈ ℓ ∞ (G) such that a, b ≥ 0 and a + b = 1 X . Note that such an action is not, in general, inherited from an action on ℓ ∞ (G, X).
Theorem 11. Let G be a finitely generated group, X be a Banach space and V ⊆ X * be a weak-* dense subspace. Then every G-affine action of G on a bounded, ℓ ∞ (G)-convex, ultra-weakly compact subset K ⊆ ℓ ∞ (G, X) has a fixed point.
Proof. We divide the proof into a few lemmas, with the assumptions for each of them being the same. Fix κ 0 ∈ K. Let A (K, ℓ ∞ (G)) denote the set of all weak-* continuous maps T : K → ℓ ∞ (G) which are ℓ ∞ (G)-convex; that is,
The space A (K, ℓ ∞ (G)) plays, rougly speaking, the role of a "dual space with
for every x ∈ K.
Lemma 12. The operation · defines an action of G on A (K, ℓ ∞ (G)).
Proof. We only need to show that
g · T is ℓ ∞ (G)-convex. For a, b ∈ ℓ ∞ (G) such that a ≥ 0, b ≥ 0, a + b = 1 G and x, y ∈ K, we have (g · T )(ax + by) = g * T (g −1 (ax + by) = g * (g −1 * a)T (g −1 x) + (g −1 * b)T (g −1 y) = a g * T (g −1 x) + b g * T (g −1 y) = a(g · T )(x) + b(g · T )(y). For every T ∈ A (K, ℓ ∞ (G)) define f [T ] : G → ℓ ∞ (G) by the formula f [T ] (g) = T (gκ 0 ). We have f [T ] ∈ ℓ ∞ (G, ℓ ∞ (G)).
Lemma 13. There exists a point x
Proof. Since E = W * − lim β ξ β , · ℓ ∞ (G) we have
where we used the fact that T is ℓ ∞ (G)-linear and that the ξ β are finitely supported. By the ultra-weak compactness of K there exists a convergent subnet of the x β , which we denote again by x β , and we define
by the ultra-weak continuity of T .
Lemma 14. For g ∈ G we have f
Proof. For every h ∈ G we have
We now verify that x 0 is a fixed point. For an operator
Since elements of V separate points of K, it follows that gx 0 = x 0 and x 0 is a fixed point, which completes the proof of Theorem 11.
We expect that the above fixed point theorem can be generalized to semigroups.
III. Weakly exact Banach algebras.
The above results on bounded cohomology of groups suggest one might define a notion of weak exactness for certain Banach algebras. Such algebras have to be co-algebras in an appropriate sense, so that their duals are Banach algebras in a natural way as well. This requirement is a consequence of the fact that we have used the structure of ℓ 1 (G) as a Hopf algebra, not only as a Banach algebra. We will consider only preduals of von Neumann algebras but it is clear that the definition can be extended to other cases. Let M be a Hopf-von Neumann algebra and let A = M * denote a predual Banach algebra. Let X be a right A-module and consider the space L(X, M). The algebra M is an A-bimodule in a natural way, as it is the dual of the A-bimodule A. Thus L(X, M) is an A-bimodule with the following actions:
(a · T )(x) = T (xa), (T · a)(x) = T (x)a, for a ∈ A, T ∈ L(X, M) and x ∈ X. Since M is an algebra, there is the additional structure of an M-module on L(X, M) given by (bT )(x) = b(T (x)), for b ∈ M, T ∈ L(X, M) and x ∈ X.
Definition 15. Let M be a Hopf-von Neumann algebra and A its predual Banach algebra. A submodule of L(X, M), which is both an A-bimodule and an M-module with respect to the structures described above, is called a Hopf A-bimodule.
Recall that given a Banach algebra A and an A-bimodule E one can define the Hochschild cohomology groups H * (A, E) of A with coefficients in E. In particular, the first cohomology group H 1 (A, E) is defined as the quotient of the space of all A-derivations from A into X modulo the inner derivations, see for example [3, 10] . It is natural to ask if dimension shifting preserves the class of Hopf modules over A and, more importantly, do algebras behave similarly to finitely generated groups:
Question 17. Is every Banach algebra A as above weakly exact?
